Abstract: In two-parameter systems with symmetry two steady state bifurcation points of di erent symmetry types coalesce generically within one point. Under certain group theoretic conditions involving the action of the symmetry group on the kernels, we show that secondary Hopf bifurcation is borne by the mode interaction. We explain this phenomenon by using linear representation theory. For motivation an example with D 3 -symmetry is investigated where the main properties causing the Hopf bifurcation are summarized.
Introduction
We are interested in dynamical systems _ x = f(x; ); x 2 IR n ; (1) depending on two{parameters = ( 1 ; 2 ). Furthermore we assume f to be equivariant with respect to a nite group G, i.e. f( (t)x; ) = (t)f(x; ); 8 t 2 G, where is a faithful linear representation of G. Often the symmetry is the result of natural geometric arrangements. While x is a state variable, the parameters represent for example Reynolds number, load, aspect ratio, etc. Steady state { steady state mode interaction we will consider here is de ned by the coalescence of two steady state bifurcation points of di erent symmetry types. The symmetry type is de ned by the action of the group G on the kernel.
In two{parameter systems mode interactions generically occur. Singularity theory and normal form theory have been used to study such phenomena. The result of this is summarized in Golubitsky, Stewart, Schaeffer 8] . In contrast to the above mentioned approaches, in 5] a mode interaction analysis concerning secondary steady state bifurcation is presented which does not depend on a special group (see also 14] ). The aim of this paper is to extend the approach in 5] to cases where steady-state steady-state mode interaction gives rise to secondary Hopf bifurcation (see Fig. 1 ). There is no relation between our results and those in Golubitsky, Schaeffer 7] concerning tertiary Hopf bifurcation resulting from a Z Z 2 Z Z 2 {mode interaction. We use a REDUCE-program described in 6] to derive the general form of f. The rst result of the program is that the ring of invariant polynomials IR x] (D 3 ) is generated by four invariants 1 (x); :::; 4 (x) given in A i ( (x); ) b i (x); (x) = ( 1 (x); :::; 4 (x)): (2) Of course f(0; ) 0. The mode interaction at = (0; 0) is characterized by f x (0) = 0. f may be the result of a center manifold reduction or a Lyapunov Schmidt reduction.
Since we are interested in Hopf points with isotropy C 3 we concentrate on special representatives of the contact equivalence class. The xed point space of C 3 is given by Observing the basic equivariants ones recognizes that the equivariant b 3 (because of its derivative) is responsible for the existence of Hopf points. On the other hand the existence of the Hopf points is no accident of calculation, but an example of a more general principle as we will show.
We summarize the important aspects of this example which appear as conditions in the general Theorem 4.12 that steady-state steady-state mode interaction leads to bifurcation of periodic orbits. ).
-The linearizations in (3) and (5) have block diagonal structure because f x (0; 0) in (3) commutes with D 3 acting as = # and the linearization in (5) commutes with C 3 acting as the restriction of to C 3 . For a theory of matrices having the symmetry of a group see Serre 11] and F assler, Stiefel 2]. The blockdiagonal structures of (3) and (5) -The situation of the example is generic within 2 parameters and thus the manifolds in Fig. 1 intersect each other transversally. This may be expressed by a nonvanishing determinant of derivatives.
Perturbation of eigenvalues of commuting matrices
We are interested in special steady state solutions of dynamical systems (1). We assume f to be equivariant with respect to a faithful orthogonal representation of a nite group G. An important consequence which we will exploit is that the linearization commutes with the isotropy group of the point (x; ), where it is evaluated: f x (x; ) (t) = (t)f x (x; ) 8 t 2 G x : (6) Since the numerical detection and computation of bifurcation points and Hopf points are based on the eigenvalues of the Jacobian f x (x; ) as well as the theoretical considerations in Sec. 4., matrices with the property (6) will be investigated in this section.
Consider a path (x(s); (s)) having the isotropy G for s = s 0 , but for s 6 = s 0 having the isotropy of a proper subgroup H. Then the Jacobians commute with G and{or H. Especially, in a neighborhood of s 0 the relation between both commuting properties is relevant.
Let D be a representation of a group H (which will be assumed in the sequel to be a subgroup of G) on a nite dimensional real vector space V . Let C(D) In In the following we will refer to mode interaction conditions, part of them is given by for some vector u which is nonzero because of the transversality condition (11) and the transversal choice of . Since (13) holds we may also assume that there are no other eigenvalues on the imaginary axis.
We remark that condition (12) cannot be satis ed if f is a gradient system. Lemma 3.7 implies that the test function t(x; ) is invariant in the sense that t( (g)x; ) = t(x; ) for x 2 Fix(H). Then the potential Hopf points given by C % arise always in g{conjugate pairs which can be Observe that the Hopf points appear in conjugate pairs in the example in Sec. 2. Theorem 4.14 completes our explaination why certain steady-state steady-state mode interactions lead to secondary Hopf bifurcation | under special group theoretic conditions.
